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Abstract  

Relation between α and β in Cobb-Douglas production function  𝑌 = 𝐴𝐾𝛼𝐿𝛽 is the subject of many investigations. One of the discussed 
problems is the following - the condition α+β=1 which follows from the scaling requirements often is not observed empirically. Time 
series for GDP, labor and capital are known for many countries for long period and logarithmic regression gives the possibility to evaluate 
α and β from empirical data and in many cases α+β ≠ 1. We suggest the simple explanation of this phenomenon and explain why scaling 
requirements are broken.  
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1 Introduction 

Charles Cobb and Paul Douglas [1] received the Cobb–
Douglas production function in 1928 from statistical 
evidence. Although since that time Cobb-Douglas formula 
𝑌 = 𝐴𝐿∝𝐾𝛽 lies in the foundations of many growth theories, 
including Solow theory, many questions related to this 
formula are not clear yet. One of the widely discussed 
questions is so called “α-β problem”: the condition α+β=1, 
which follows from the scaling requirements, often is not 
observed empirically.  

2 Simple kinetic model 

Kinetic approach to system analysis is based on the 
assumption that complicated system consists of large 
number of simple interacting elements and observed 
average properties of system can be described using 
statistical properties of elements. In the case of economic 
processes, we can imagine, that in some economic space 
“labor units” meet “capital units” and as the result of their 
interaction business companies are created. Companies use 
labor units and capital units to produce goods and services 
and we are interested in production function determination.  

Let us suppose that we have economy, which consists of 
n companies. Let us suppose, that company i uses equal 
amounts of labor and capital units - i units of capital and i 
units of labor. Let us suppose that company production is 
equal to multiplication “labor units by capital units”. If 
company uses i units of capital and i units of labor it 
produces i⸱i= 𝑖2 units of product.  

Total production Y in this case is 𝑌 =

∑ 𝑖2𝑖=𝑛

𝑖=1
=

𝑛(𝑛+1)(2𝑛+1)

6
,  total capital K= ∑ 𝑖 =𝑖=𝑛

𝑖=1
𝑛(𝑛+1)

2
, 

total labor L= ∑ 𝑖𝑖=𝑛
𝑖=1 =

𝑛(𝑛+1)

2
. For n>>1 

Y≈𝑛3, K≈𝑛2, L ≈ 𝑛2. For Cobb-Douglas formula 𝑌 =
𝐴𝐿∝𝐾𝛽  we have 𝑛3 ≈ 𝑛2𝛼𝑛2𝛽 or α+β=3/2. 

This simple kinetic model clearly explains why α+β≠1. 
The reason lies in fact that α and β are dependent on the 
firms distribution by scale. Even in the case when 
productivity of each company is equal to multiplication 
“labor units by capital units”, this is not so for economy as 
a whole.  

The restriction that company uses equal amounts of 
labor and capital units is not principal. Let us consider 
economy which consists of n⸱n companies with arbitrary 
combinations of i units of capital, i = 1,2,3, …, n and j units 
of labor, j = 1,2,3, …, n. 

Total production Y in this case is  

𝑌 = ∑ ∑ 𝑖𝑗
𝑗=𝑛
𝑗=1

𝑖=𝑛
𝑖=1 =

𝑛(𝑛+1)𝑛(𝑛+1)

4
, 

total capital K= ∑ 𝑖 =𝑖=𝑛
𝑖=1

𝑛(𝑛+1)

2
, total labor 

L= ∑ 𝑖
𝑗=𝑛
𝑗=1 =

𝑛(𝑛+1)

2
. For n>>1 Y≈𝑛4, K≈𝑛2, 𝐿 ≈ 𝑛2. For 

Cobb-Douglas formula 𝑌 = 𝐴𝐿∝𝐾𝛽  we have 𝑛4 ≈
𝑛2𝛼𝑛2𝛽 or α+β=2 . 

3 The generalization of kinetic model 

Let us suppose that we have economy, which consists of n 
different companies with labor distribution l1, l2, …, ln and 
total labor 𝐿 = ∑ 𝑙𝑖

𝑖=𝑛
𝑖=1  and corresponding capitals k1, k2, …, 

kn with total capital 𝐾 = ∑ 𝑘𝑖
𝑛
𝑖=1 . Let us assume that  

i-th company output product is 𝑦𝑖 = 𝑝0𝑙𝑖𝑘𝑖 , then total 

output 𝑌 = 𝑝0 ∑ 𝑙𝑖𝑘𝑖
𝑖=𝑛
𝑖=1 . How can Y be expressed by L and 

K? Assuming that this dependence is of multiplicative 
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form we arrive to 𝑌 = 𝐴𝐿∝𝐾𝛽 where α and β generally are 

fractional. 
Let us consider three models. 

1. 𝑙𝑖 = 𝑙0 for i=1: n and  𝑘𝑖 = 𝑘0 for i=1: n. Now 

L= nl0, K=nk0. Total output is Y=p0l0k0n and can be 

expressed in the form 

𝑌 = 𝑝0𝑙0𝑘0𝑛 = 𝐴1(𝑙0𝑛)𝛼(𝑘0𝑛)𝛽,       (1) 

where α+β=1 Assuming α=β=1/2 one has  

𝑌 = 𝑝0√𝑙0𝑘0𝐿
1

2𝐾
1

2,  𝐴1 = 𝑝0√𝑙0𝑘0

2.  𝑙𝑖 = 𝑙0𝑖 for i=1: n and  𝑘𝑖 = 𝑘0𝑖 for i=1: n. 

Now 𝐿 = 𝑙0 ∑ 𝑖𝑖=𝑛
𝑖=1 = 𝑙0 𝑛(𝑛 + 1) 2⁄ ,      𝐾 = 𝑘0 ∑ 𝑖𝑖=𝑛

𝑖=1 =
𝑘0 𝑛(𝑛 + 1) 2⁄    and  

𝑌 = 𝑝0𝑙0𝑘0 ∑ 𝑖2 
𝑖=𝑛

𝑖=1
= 𝑝0𝑙0𝑘0 𝑛(𝑛 + 1)(2𝑛 + 1) 6⁄  

In this case for n>>1 one gets 

𝑌 = 𝑝0𝑙0𝑘0 𝑛3 3⁄ = 𝐴2(𝑙0 𝑛2 2⁄ )𝛼(𝑘0 𝑛2 2⁄ )𝛽. 

from where α+β=3/2  For α=β=3/4 we get

𝑌 = 2√2 3⁄ 𝑝0(𝑙0𝑘0)4/3𝐿3/4𝐾3/4

 𝑙𝑖 = 𝑙0 for i=1: n and  𝑘𝑖 = 𝑘0𝑖 for i=1: n. 

Now labor and capital distributions differ. Simple 

calculation gives 

𝑌 = 𝑝0𝑙0𝑘0𝑛2 = 𝐴3(𝑙0𝑛)𝛼(𝑘0𝑛2/2)𝛽 

with α+2β=2  αand β cannot be defined in a unique 
way).  

4 Overview 

This work discusses the relation of Cobb-Douglas 
production function with kinetic approach to economic 
systems description 

 Economy consists of independent producers, 
companies, which use labor and capital to produce 
goods and services. 

 Company production is equal to multiplication 
“labor units by capital units”. 

 Total labor is sum of company’s labors and total 
capital is sum of company’s capitals.  

 Cobb-Douglas formulas α+β can be calculated 
exactly for considered models and α+β≠1. 

5 Discussion 

It is possible to consider several generalizations of described 
kinetic approach. At first, discrete model can be substituted 
with continuous model. Sums will be transformed into 
integrals in this case and it will be possible to express α and 
β as functionals from companies’ capital and labor 
probability distribution. At second, it is possible to consider 
different company productivity functions and to analyse the 
relations between company productivity function and 
economy productivity functions.  

At third, more complicated system of kinetic equations 
can be written for the description of the capital and labor 
flows between companies. 

6 Conclusions 

Parameters α and β in Cobb-Douglas production function 
are considered. Simple kinetic model for α+β determination 
is suggested. Several cases when α+β≠1 are considered. 
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