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Abstract  

The thesis offers a new outlook on the traditional arithmetic operations by graphically depicting addition, subtraction, multiplication, 
division, extraction of roots and exponentiation of functional values, applying the properties of elementary geometry and using compass 
and ruler without gridlines as instruments in the process of construction. Newly developed methods of geometric transformations or proofs 
of the impossibility of certain constructions as the result of research work broaden the perception of the arithmetic operations, showcase 
the bond between algebra and geometry [3][9], reflect on the progress made in the development of the mathematics, highlight the 
importance of geometric properties, and encourage future research regarding the graphic depiction of arithmetic operations. 
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1 Introduction 

The in-depth research of arithmetic operations is beneficial 
for solving advanced math problems. The idea of viewing 
such basic mathematics operations as addition, subtraction, 
multiplication, division, extraction of roots and 
exponentiation through geometric constructions, that way 
combining two major chapters of mathematics - algebra and 
geometry, is relatively new, however, graphically depicting 
traditional arithmetic operations with functional values aids 
in understanding both the basis of Euclidean geometry and 
arithmetic. 

The descriptions and analysis of postulates and theorems 
by mathematicians of Ancient Greece [1] provide an 
outlook on the development of mathematics as science. The 
construction of graphs of functions relying only on compass 
and ruler without gridlines or straightedge as instruments in 
the process [2] provides an example of innovative use of 
theorems of elementary geometry. The use of compass and 
ruler without gridlines in geometric constructions implies to 
base the construction algorithm on Euclidian geometry 
principles.  

The examination of related works [4][7][8] aimed the 
study to develop unique methods of graphical depiction of 
the traditional arithmetic operations with functional values 
by applying the properties of elementary geometry and 
using compass and ruler without gridlines as instruments in 
the process of construction, provide step-by-step 
descriptions as well as evaluate and prove the possibility of 
each method. The research results not only offer an original 
interpretation of the basis of Euclidean geometry but can be 
further used as a concise learning material when acquiring 
methods of complicated problem solutions in mathematics. 

2 Methods 

The research comprised of examining an arbitrary graph of 
function 𝑓(𝑥) , selecting a unit segment, and eventually 
elaborating construction algorithms for the graphical 
depiction of the addition, subtraction, multiplication, 
division, extraction of roots and exponentiation of the 
functional values. Each method was presented visually 
along with a detailed description of consecutive 
constructions supported by the theorems of elementary 
geometry. The possibility of constructing the graph of 
function for certain operation using only compass and ruler 
without gridlines was proven through the theorems of 
mathematicians of the Ancient Greece [5][6]. The results 
were generalized, considering the domain of function and 
negative values. The case that a stipulated graph of function 
cannot be constructed with the deemed instruments only 
was hypothesized following multiple unsuccessful attempts 
to do it practically. The information sources were researched, 
and the hypothesis was proven to be true with originally 
developed methods. 

3 Summary 

In the framework of the research the methods for 
geometrically depicting the arithmetic operations with the 
functional values were developed. All the functions 
constructed by the described methods are demonstrated 
below (Figure 1, Figure 2): 

Given: graph of function 𝑦 = 𝑓(𝑥), unit segment 

Demonstrated constructions: 𝑦 = 𝑓2(𝑥); 𝑦 = √𝑓(𝑥); 

𝑦 =
1

√𝑓(𝑥)
; 𝑦 =

1

𝑓(𝑥)
; 𝑦 =

1

𝑓2(𝑥)
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FIGURE 1 The graphs of all the functions constructed by the elaborated 

methods if one graph of a function is given 

 

Given: graphs of functions 𝑦 = 𝑓1(𝑥) and 𝑦 = 𝑓2(𝑥), 

unit segment 

Demonstrated constructions: 𝑦 = 𝑓1(𝑥) ∙ 𝑓2(𝑥); 

𝑦 = 𝑓1(𝑥) + 𝑓2(𝑥); 𝑦 = 𝑓1(𝑥)  − 𝑓2(𝑥); 𝑦 =
𝑓1(𝑥)

𝑓2(𝑥)
 

 
FIGURE 2 The graphs of all the functions constructed by the elaborated 

methods if multiple graphs of functions are given 

 

4 Conclusion 

1 The basic arithmetic operations like addition, 
subtraction, multiplication, division, in some cases 
also extraction of roots and exponentiation can be 
completed geometrically. 

2 The irrationality of a number depends on the choice 
of the unit segment. 

3 Following the construction algorithms developed 

and described in this research paper function 𝑓(𝑥) 

graphs of powers −1; −
1

2
;  

1

2
; 2 can be constructed 

using the compass and a ruler, if 𝑓(𝑥) graph and a 

unit segment are given. 

4 Repeatedly performing described algorithms under 

the same conditions, it is theoretically possible to 

construct function 𝑓(𝑥) graphs of powers 

−
1

2𝑛 ;  
1

2𝑛 ; −𝑛; 𝑛, where 𝑛 ∈ ℕ. 

5 The described algorithms can be applied to 

𝑘 functions, if graphs of all the functions (𝑓1(𝑥),
𝑓2(𝑥), … , 𝑓𝑘(𝑥), where 𝑘 ∈ ℕ) and a unit segment 

are given. 

6 It is impossible to precisely construct the function 

𝑓(𝑥) graph of power 
1

3
, by using the same 

methods. 

7 The theorems of elementary geometry acquired 
within the school program can be applied for 
constructing graphs of functions. 
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