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Abstract  

The problem of the propagation of a light ray through a glass prism, i.e. how to determine the most effective path, belongs to the classical 
problems of geometrical optics. The function of deviation angle on indent angle was analyzed by means of first derivative method to 
establish the extremum (minimum). Methodological aspects of teaching include the trigonometric transformations as well as assessment 
of the conditions. 

Keywords: shortest optical way, extremal path, beam deflection. 

 

1 Introduction 

The practical application of the prism is very wide: it is used 
in measuring devices, laser instruments, solar cells, etc. The 
problem of the propagation of a light ray through a prism 
belongs to the classical problems of geometrical optics [1-
2], namely, how to establish the most effective way (the 
shortest way, or the fastest way, etc). In a material science, 
uniaxial crystals can be characterized using the light 
dispersion phenomena [3]. 

The deviation angle 𝛿 can be determined using Snell’s 
law at two interfaces (air-glass on the left and glass-air on 
the right) – see Fig. 1. However, the deviation angle 𝛿 can 
be expressed through the incident angle 𝛼  using a quite 
complicated function. Studying this function through the 
first derivative is extremely difficult.  

This work is devoted to the methodological aspects of 
teaching related to the analysis of the prism deviation angle 
𝛿 on incidence angle𝛼 . 

2 Dependence of the angle of deviation  on the angle of 
incident  

Suppose that the glass prism is present. The deflection angle 
is denoted by 𝜑, 𝜑 ∈ (0; 𝜋 2)⁄ , while the index of refraction 
– by 𝑛, 𝑛 ≥ 1.5. Beam passes through the prism from left to 
right (the path is indicated by arrows in Figure 1). Let us 
assume the air refraction index is 𝑛1 = 1.0003 ≈ 1. 

For the left interface, the angle of deviation is equal to 
𝛿1, and according to Snell’s law, 

𝑠𝑖𝑛 𝛼 = 𝑛 𝑠𝑖𝑛 𝛽1 (1) 

For the right interface, the angle of deviation is equal to 
𝛿2, and according to Snell’s law, 

𝑠𝑖𝑛 𝛾 = 𝑛 𝑠𝑖𝑛 𝛽2 (2) 

Prism vertex angle 𝜑 is related to the refractive angles: 

𝜑 =  𝛽1 +  𝛽2 (3) 

 
FIGURE 1 Deviation of the light beam by the prism. Vertex angle , 

deviation angle . 

 
Figure 2 Dependence of the deviation angle  on incident angle  

according to Eq. (5) for different prisms with  =60 deg. 

Dots: n=1.5 (glass), (min)=37.18 deg at 1=48.59 deg;  
triangles: n=1.75 (SF6), (min)=62.09 deg at 2=61.05 

deg.  
 

Total beam deviation angle 𝛿  is realized due to 
interactions at left and right interfaces: 

𝛿 = 𝛿1 + 𝛿2 (4) 

Using dependencies (1) - (4), we can derive 𝛿 = 𝛿(𝛼): 
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𝛿 = 𝛼 + 𝑎𝑟𝑐𝑠𝑖𝑛 (𝑛 𝑠𝑖𝑛 (𝜑 − 𝑎𝑟𝑐𝑠𝑖𝑛
𝑠𝑖𝑛 𝛼

𝑛
)) − 𝜑  (5) 

3 Finding the extremum of the function () 

Let’s find the derivative of the function 𝛿(𝛼)  and 
transform it to the form 

𝑑

𝑑𝛼
𝛿(𝛼) = 1 −

(𝑐𝑜𝑠 𝜑∙√𝑛2−𝑠𝑖𝑛2𝛼+𝑠𝑖𝑛 𝜑∙𝑠𝑖𝑛 𝛼)∙𝑐𝑜𝑠 𝛼

√𝑛2−𝑠𝑖𝑛2𝛼∙√1−(𝑠𝑖𝑛 𝜑∙√𝑛2−𝑠𝑖𝑛2𝛼−𝑐𝑜𝑠 𝜑∙𝑠𝑖𝑛 𝛼)
2
. 

 (6) 

We look for values 𝛼 at which the derivative 
𝑑

𝑑𝛼
𝛿(𝛼) is 

equal to 0 and get the equation 

𝑠𝑖𝑛4𝛼 − 𝑛2 ∙ 𝑠𝑖𝑛2𝛼 +
𝑛4∙𝑠𝑖𝑛2𝜑

4
= 0. (7) 

For 𝜑 ∈ (0; 𝜋 2) ⁄  solutions of this equation are 

 𝛼 = ±𝑎𝑟𝑐𝑠𝑖𝑛 (𝑛 𝑠𝑖𝑛
𝜑

2
) ,    𝛼 = ±𝑎𝑟𝑐𝑠𝑖𝑛 (𝑛 𝑐𝑜𝑠

𝜑

2
). (8) 

Considering only 𝛼 > 0 we get 
𝑑

𝑑𝛼
𝛿(𝛼) > 0 , hence the 

function 𝛿(𝛼) is increasing, if 

𝛼 > 𝑎𝑟𝑐𝑠𝑖𝑛 (𝑛 𝑠𝑖𝑛
𝜑

2
). (9) 

We get  
𝑑

𝑑𝛼
𝛿(𝛼) < 0 , hence the function 𝛿(𝛼)  is 

decreasing, if 

0 < 𝛼 < 𝑎𝑟𝑐𝑠𝑖𝑛 (𝑛 𝑠𝑖𝑛
𝜑

2
). (10) 

It means that the point 𝛼 = 𝑎𝑟𝑐𝑠𝑖𝑛 (𝑛 𝑠𝑖𝑛
𝜑

2
)  is the 

point of minima of the function 𝛿(𝛼) and 

𝛿 (𝑎𝑟𝑐𝑠𝑖𝑛 (𝑛 𝑠𝑖𝑛
𝜑

2
)) = 2𝑎𝑟𝑐𝑠𝑖𝑛 (𝑛 𝑠𝑖𝑛

𝜑

2
) − 𝜑. (11) 

Note that if 𝑛 ≥ 1.5  and 𝜑 2⁄ ∈ (0; 𝜋 4)⁄  then 

𝑛 𝑐𝑜𝑠
𝜑

2
> 1.5 ∙ 𝑐𝑜𝑠

𝜋

4
≥ 1.5 ∙

√2

2
> 1, (12) 

therefore 𝑎𝑟𝑐𝑠𝑖𝑛 (𝑛 𝑐𝑜𝑠
𝜑

2
) does not exist. 

Thus, figure 2 represents the dependence of the 
deviation angle 𝛿 on incident angle 𝛼 for different prisms 
with 

 = 60 deg. 

4 Conclusion 

The exact formulas for calculating the minimum value of 

the incident angle and the value of the deviation angle at 

this point are obtained. Shortest optical way through the 

prism represents the way parallel to the basis of the prism. 
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